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Abstract 

It is well known that any 3-manifold can be obtained by Dehn 
surgery on a link but not which ones can be obtained from a knot or 
which knots can produce them. We investigate these two questions 
for elliptic Seifert fibered spaces (other than lens spaces) using the 
Heegaard Floer correction terms associated to a 3-manifold Y and its 
torsion Spin c structures. If H±(Y) is finite and small, the correction 
terms completely identify the manifolds which can be realized as knot 
surgeries and the knots which realize them; even when Hi (Y) is larger 
(but still finite), the invariants help identify the manifolds and place 
restrictions on the knots. 



1 Introduction 

In the 1960s, Wallace [Wal63] and Lickorish |Lic62] showed that any oriented 
3-manifold can be constructed by Dehn surgery on a link in S 3 . Soon af- 
ter, Moser asked which manifolds can be constructed by surgery on a knot 
|Mos71j . One may also ask which knots give each manifold. We begin to 
answer these two questions for elliptic (or spherical) manifolds other than 
lens spaces (those with finite but non-cyclic fundamental group). We can 
structure the approach based on two classifications. By Thurston |Thu82j . a 
knot is exactly one of the following: a torus knot (its complement is Seifert 
fibered and contains no essential torus), a hyperbolic knot (its complement 
admits a complete hyperbolic metric of finite volume), or a satellite knot (its 
complement contains an essential torus). 



We know that S 3 only comes from trivial surgeries (see Moser |Mos71j for 
torus knots, Gordon and Luecke [ GL89j for hyperbolic knots, and Gordon 
[Gor83aJ for satellite knots), and S 1 x S 2 arises only from 0-surgery on the 
unknot (see Gabai [Gab87j). On the other hand, lens spaces can come from 
the unknot and torus knots |Mos71j but may also arise from integral surgery 
|GGLS88] on some hyperbolic knots. Berge |Berj suggested a list of such 
knots, the primitive/primitive knots, and Gordon conjectured that the list 
was complete in Problem 1.78 |Kir78a] . Ozsvath and Szabo [OS05J gave a 
necessary condition on the Alexander polynomial of a knot with a lens space 
surgery and verified Berge's list up to p < 1500, and Greene |Grej verified 
that any lens space which is surgery on a non-] trivial knot is achieved by some 
knot on the list (he did not verify that all knots giving lens spaces are on 
the list). Dean |Dea03] attempted to extend these results from lens spaces 
to small Seifert fibered spaces. All of Dean's knots do have some fibered 
surgeries, although some infinite families of them have toroidal surgeries, too 
[EM02J. Other hyperbolic knots also admit small Seifert fibered surgeries, 
but the resulting manifolds can all be obtained by Dean's surgeries as well 
|DMM09| IMMM06] . 

We address a subset of this case, elliptic (or spherical) manifolds other 
than the lens spaces, i.e., Seifert fibered manifolds with finite but non-cyclic 
fundamental group. We prove results such as Theorem [TJ that the Poincare 
homology sphere only comes from +l-surgery on the right-handed trefoil. 
Moser |Mos71] classified surgery on torus knots, showing that there are some 
finite and non-cyclic examples. Boyer and Zhang [BZ96J showed that any 
hyperbolic knot has at most six finite surgeries of distance five (if r\ and 
r 2 are surgery coefficients, the distance A(r 1; r 2 ) is the minimal geometric 
intersection number of curves representing r\ and r 2 on dN(K), the boundary 
of a neighborhood of K). They also showed that a satellite knot with a 
finite surgery must be a cabled torus knot, and these knots were classified by 
Bleiler and Hodgson [BH92] with the help of Gordon's surgery transformation 
equation |Gor83bj ; the transformation equation also tells us that any finite 
surgery on a satellite knot is also a finite surgery on a torus or hyperbolic 
knot. Beginning with manifolds of small first homology, we discuss some of 
these surgeries explicitly in Section [2} 

Elliptic spaces fall into a group of manifolds called L-spaces whose Hee- 
gaard Floer homology is particularly simple. If an L-space is given by p/q 
surgery on a knot K in S 3 , which we write S 3 , (D), then the surgery coeffi- 
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cient and knot genus obey the inequality p/q > 2g(K) — 1, and the knot is 
fibered with one of a very small set of Alexander polynomials. 

Since any elliptic space Y is a rational homology sphere, we may use 
an invariant called the correction term or d-invariant d(Y, t) for Y and an 
associated Spin c structure, which are described in Section |3j For elliptic 
manifolds and many other Seifert fibered spaces, d(Y, t) may be calculated 
directly using a plumbing diagram. On the other hand, if Y is an L-space 
and a knot surgery, d(Y, t) can be derived from the Alexander polynomial 
and surgery coefficient. 

By comparing the correction terms of an elliptic space to those of all the 
possible knot surgeries which may give it, we describe in Section [4] all of 
the surgeries of the elliptic spaces (other than lens spaces) with "small" first 
homology. For example, as conjectured by the remark after Problem 3.6(D) 
in |Kir78aj and Property I defined by Zhang [Zha93] , the Poincare homology 
sphere has a unique surgery construction: 

Theorem 1. The Poincare homology sphere is +l-surgery on the right- 
handed trefoil (or, reversing orientation, —1-surgery on the left-handed tre- 

M0 

£(2,3,5) = S?(T 2>3 ) 
and no other surgery on any knot. 

This result may also be seen from work of Ozsvath-Szabo, who calculate 
in Theorem 1.6 of |OS04d] that any knot giving the Poincare homology sphere 
must have the same Alexander polynomial as the trefoil, and in |OS05] that 
it must be fibered. 

Similarly, 

Theorem 2. . 

a. The unique elliptic manifold (up to orientation other than lens spaces) 
with Hi(Y) = Z 2 is 

S!(T 2 ,3) 

and no other surgery on any knot. 

1 Throughout this paper, we suppress the choice of orientation and only mention positive 
surgeries. 
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The unique elliptic manifold (up to orientation other than lens spaces) 
with Hi(Y) = Z3 is 

Sl(T 2>3 ) 

and no other surgery on any knot. 



c. Of the infinite family of elliptic manifolds with H\(Y) = Z4, only one 
(up to orientation) is surgery on a knot in S 3 , and it isxt 

and no other surgery on any knot. 

When Hi(Y) has more than four elements, the manifold may come from 
surgery on a knot of higher genus, which allows more unusual surgeries. (NB: 
There are no Seifert fibered manifolds with Hi(Y) = Z5 or H\{Y) = r L^.) 

Theorem 3. . 

a. The unique elliptic manifold with Hi(Y) = Z 7 is 

S 3 /2 (T 2 , 3 ) and S 3 (K) 

where K is T 25 or a hyperbolic fibered knot with the same Alexander 
polynomial, A K (T) = T 2 - T + 1 - T" 1 + T~ 2 . 

b. The infinite family of elliptic manifolds with H\(Y) = Z§ has only two 
members which are knot surgeries, 

S 8 3 (T 2 , 3 ), 

which is no other surgery on a knot, and 

Sl(K), 

where K is T 2 $ or a hyperbolic fibered knot with the same Alexander 
polynomial. 

We summarize the results in Table [T] for all icosahedral, octahedral, 
and tetrahedral manifolds of < 10 and all dihedral manifolds of 

|ffi(F)|<32. 

The first presentation of this work may be found in |Doil0j . Special 
thanks go to Zoltan Szabo, who suggested and directed this project with a 
great deal of kindness and patience, and to Chuck Livingston, Paul Kirk, 
and Dave Gabai, who listened and contributed many helpful suggestions. 
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Figure 1: Kirby moves describing surgery on the right-handed trefoil. 

2 Seifert fibered spaces as knot surgeries 

A p/q-[Dehn] surgery on a knot K embedded in S 3 is an operation which 
removes an open neighborhood N(K) homeomorphic to a solid torus and 
replaces it, identifying a meridian of the solid torus with p/i + qX in the knot 
complement (where the meridian \x bounds a disk in N(K) and the longitude 
A is null-homologous in Hi(S 3 — intN(K)). Any closed, oriented 3- manifold 
Y is surgery on some link in S 3 |Lic62[ IWal63] . A surgery diagram can be ma- 
nipulated by the methods of Kirby calculus |Kir78bj , which alter the diagram 
but not the underlying manifold: isotopy by surgery diagrams; stabilizing or 
destabilizing the manifold by addition or subtraction of a ±l-framed unknot 
which can be separated from the rest of the link; and handlesliding one link 
component over another, replacing L 2 with the band sum of L\ and L 2 . For 
the last, if 7ij is the framing on Lj, then n 2 becomes n\ + n 2 + 2lk(L\, L 2 ). 
See, e.g., Gompf and Stipsicz |GS99j . For example, p/g-surgery on the trefoil 
can be manipulated as in Figure [Tj 
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Seifert fibered spaces. Seifert fibered spaces were originally defined by 
Seifert in 1932 ( |Sei33j . translated by W. Heil in |ST80j ). Scott gives a more 
modern presentation with a slightly expanded definition in |Sco83j . 

A trivial solid torus may be given the product fibration. A fibered solid 
torus (or fibered solid Klein bottle) is a torus (or Klein bottle) which is finitely 
covered by the trivial fibered torus. A Seifert fibered space is a manifold 
fibered by circles so that any fiber has a neighborhood which is fiber isomor- 
phic to a fibered solid torus or Klein bottle. Any exceptional (non-regular) 
fiber can be eliminated by some Dehn surgery, and the class of such surgery 
coefficients is referred to as the fiber's framing. A Seifert fibered space itself 
can be thought of as a fiber bundle over the orbifold obtained by compressing 
each fiber to a point. 

For our purposes, we will need only Seifert fibered spaces whose base 
orbifolds are S 2 . Construct such a space by choosing a line bundle ( over 
S 2 and surgering over fibers with framings —bi/ai (the negative sign is for 
historical reasons). It can be described as surgery on a link in S 3 whose 
components have framing {b = Ci((), — &i/ai, . . . , — b r /a r }. Seifert identified 
such a manifold with an n-tuple (together with information about the base 
orbifold which we will exclude). 

b: 



b\ b r 

For example, the p/g-surgery on the trefoil in Figure 1 is ^— 1; |, |, 
The choice of framings is not unique since a few handleslides will convert 

Additionally, reversing the orientation as in jOS03aj shows 

1_ 02 Og\ _ / _ 1 _ 02 _ 03 

S'vU V 2' 1 b 3 



By geometrization |Peral IPerbt IPercj . the manifolds with finite funda- 
mental group are all Seifert fibered. They fall into five classes, those with 
cyclic 7Ti and those with finite 7Ti based on the four isometries of a sphere: 

Theorem 4 (Seifert |Sei33j ). If Y 3 is closed, oriented, and Seifert- fibered 
with finite but non-cyclic fundamental group, then it has base orbifold S 2 and 
is one of: 
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1. Type I, icosahedral: (b; |, y, yj -f^i(V) = Z m and (m, 30) = 1. 

2. Type O, octahedral: (b; §, f , f) with H X {Y) = Z 2m and (m, 24) = 1. 

5. %)e T, tetrahedral: (b; §, f , f ) wif/i #i(Y) = Z 3m and (m, 18) = 1. 

^. Type D, dihedral: (^b; |, |, |m wrf/i -£/i(V) = Z 4m and (m, 46 3 ) = 1 
6 3 is even) or Hi(Y) = Z 2 X Z 2m ^/&3 odd). 

with coefficients chosen always so that (ai,bi) = 1. 

Specifically, H X {Y) = Z p and p = bxb 2 b 3 (-& + f + ff + f) • In fact, 
if an integer p meets the requirements for one of the four types, there is a 
unique Seifert fibered space with H\(Y) = 7L V of types I, O, or T, or a unique 
infinite family of type D. Each space has a unique description (possibly with 
reversed orientation) with b — — 1; < a% < b%, < a 2 < b 2 , and < a 3 ; and 
(ai,bi) = 1. 

Using Theorem [4j we include in Table [T] all the type I, O, or T manifolds 
with |#i(y)| < 10 and all type D with |#i(T)| < 32. 

Finite surgeries. Many of the elliptic manifolds can be realized as torus 
knot surgeries. 

Theorem 5 (Moser |Mos71] ). 

{L r:S #L S:r ifp/q = rs 

(b; f, y, p^z^) if P/q ^ r s for some a ± , a 2 , a 3 
L p . rsq ifp/q = rs±l/q 

Corollary 6. The torus knots which give elliptic spaces (other than lens 
spaces) are: 

fl.fr,,) * < s + 1 >/ 2 * 



p/q ^2,sj - ^> " , - J ~ - y-*-, 2' s ' p~2s~ q 

^ (Ts ' 5) = 1 1 157=^) = " h I ^15^ 



7 



Hi(Y) 


type 


Seifert description 


knot surgeries 


1 
1 


T 
1 


(— 1 


ill 

2' 3' 5/ 


^ll J 2,3j 




O 


(— 1 


I I I) 


^2 \ A 1,3) 


a -'3 


T 


(-1 


-m{ — 


^3 ^2,3; 


z 4 


D 


(-1 
f— 1 


2' 2' 4/ 
ili) 
2' 2' r?,/ 


^2,3) 
none if n > A 




T 

J. 


(-1 


1 1 2\ 
2' 3' 5/ 


93 \ _ 03(71 ^ 

°7/2\- L 2,3) — J 7\ 1 2,5) 


z 8 


D 


(-1 

(-1 

f 1 

v — 


1 1 2\ 

21 1i 3/ 
1 1 2\ 

2' 2' 5/ 

I 1 2\ 

II 1i n> 


-S!(T 2 ,s) 
none if n > 5 


<^9 


T 


(-1 


1 1 2\ 

2' 3' 3/ 


9 3 (To 0^ 


z 10 





(-1 


1 2 1\ 
2' 3' 4/ 


-<S? (T 2)3 ) = Sf ( T 3,d 


Z12 


D 


(-1 

( 1 

v — 

(-1 


1 1 3\ 
2i 11 5/ 
1 1 3\ 

2' 2' 7/ 
1 1 3\ 

2' 2' n) 


— ^12(^2,5) 
^12(^2,7) 

none lj n s> 1 


z 16 


D 


(-1 
(-1 
(-1 
(-1 


1 1 4\ 
2' 2' 3/ 
1 1 4\ 

2' 2' 7/ 
1 1 4\ 

2' 2' 9/ 
1 1 4\ 

2' 2' n/ 


-Sf 6 (T 2 j) 

^16l J 2,9j 

none i f n ^ 3,7,9 


z>20 


D 


(-1 
(-1 

(-i; 
(-1 


1 1 5\ 
2' 2' 3/ 

I 1 5\ 
2' 2' 9/ 

II 5 \ 
1i 1i 11/ 
1 1 5\ 

2' 2' r?,/ 


_5 20/3( T 2,3) 

— ^20(^2,9) 
c3 /^r \ 

^20l J 2,llJ 

none «/ n 7^ 3, 9, 11 


Z 2 4 


D 


r_ 1- 1 1 A) 

V ± ' 2' 2' 11/ 

V ± ' 2' 2' 13/ 

r— 1- 1 - i) 

V ' 2' 2' n/ 


— £24(^2,11) 
S24 (^2,13) 

ti rvn a 1 1 <n —f- 1 I \ -i 
ILUILts LJ 1 i J. _L , IO 


z>28 


D 


r_ 1- 1 1 i) 

V ' 2' 2' 3/ 

V x ' 2' 2' 13/ 

V ± ' 2' 2' 15/ 

V ' 2' 2' n> 


^28/5(^2,3) 
— ^28(^2,13) 
^28(^2,15) 
none if n 7^ 3, 13, 15 


Z32 


D 


V ' 2' 2' 3/ 

C— 1- 1 I A) 

V ' 2' 2' 15/ 

(-!■- 1 A ) 

V ' 2' 2' 17/ 

r— 1- 1 - 8) 

V ' 2' 2' r?,/ 


— ^32(^2,15) 
^32 (^2,17) 

none if n ^ 3, 15, 17 



Table 1: Seifert fibered spaces of types I, O, and T with Hi(Y) < 10 and 
type D with |ifi(Y)| < 32 and their knot surgery constructions. 
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For example, any icosahedral manifold comes from at least a trefoil surgery 
(because (p, 30) = 1 so p = ±5 mod 6, so either q = (p + 5)/6 or {p — 5)/6 is 
an integer) and sometimes also T 2j 5 or T%£. Similarly, any octahedral comes 
from T 2 3 and possibly T 3j4 , any tetrahedral from T 2 3 , and a dihedral may 
come from T 2 $ or T 2s if s = (p/4 ± l)/2. 

Bleiler and Hodgson list finite surgeries on iterated torus knots [BH96J 
based on Gordon |Gor 83aj. Boyer and Zhang prove that any finite filling 
of a hyperbolic knot is either integral or half-integral (which cannot happen 
for tetrahedral or dihedral manifolds); that no hyperbolic knot has both a 
cyclic and a finite (non-cyclic) filling; that no satellite knot other than a 1- 
or 2-iterated torus knot has a finite filling; and that there is a bound on the 
number of and distance between finite/cyclic fillings BX9(i BZO ljj. Eudave- 
Munoz and others describe some peculiar fillings that may give elliptic spaces 
|EM02j . 

3 The invariant d(Y, t) 

Heegaard Floer homology [OS04c, OS04bJ is an example of a Floer homology 
which assigns a set of invariants (in our case, a graded abelian group over 
Z/2) to a closed, connected, oriented 3-manifold using a Heegaard decom- 
position of the manifold. A Floer homology starts with a 2n-dimensional 
symplectic manifold and two n-dimensional Lagrangian submanifolds which 
meet transversely. The chain complex is a free -R-module (for R = Z 2 , Z, 
etc.) whose generators come from intersection points of the Lagrangians 
and whose boundary map connects two generators if there is an embedded 
"disk" between them. Heegaard Floer homology defines the symplectic man- 
ifold and the Lagrangians using a Heegaard decomposition of a 3-manifold. 
The generators of its chain complex can be thought of as sets of points on 
the Heegaard surface and the boundary maps as domains in the surface. 

Heegaard Floer assigns a set of invariants to Y and its Spin c structures, 
the correction terms or d-invariants d(Y,t). The hat version HF(Y) comes 
with a relative Z-grading which lifts to an absolute Q-grading for a rational 
homology sphere (see Theorem 7.1 of [OS06]); it is defined by requiring that 
HF(S 3 ) = Z is supported in degree and that the inclusion map CF(Y, t) > 
CF + (Y, t) preserves degree. Then d(Y, t) is the minimal grading of any non- 
torsion class in HF + (Y, t) coming from HF°°(Y, t) [OS03aj. (If Y is elliptic, 
each Spin c structure corresponds to a torsion element of H\(Y, Z), all classes 
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in HF + (Y) come from HF°°(Y), and d(Y,i) is defined for all t.) 

L-space surgeries. An elliptic Seifert fibered space is an example of an L- 
space, the Heegaard Floer homology version of a lens space |OS03bj . HF(Y) 
splits into ® i HF(Y,i) over Spin c structures (equivalence classes of non-zero 
vector fields t isomorphic to H 2 (Y;Z) by t i— > cx(t)). Lens spaces have the 
nice property that each generator of HF(L p ^ q ) falls into a different torsion 
Spin c structure (t G Spin c (Y) is torsion if PL>(ci(t) E Hi(Y) is torsion). 
We will call any^ rational homology sphere with this property an L-space. 
Equivalently, HF{Y,i) ^ HF(S 3 ). 

Using the surgery exact sequences and absolute grading on HF + (Y), 
we can place some restrictions on which knots may have L-space surgeries. 
Normalize the Alexander polynomial so 

n 

A K (T) = a + Y,<T i + T- i ). 
i=i 

Theorem 7 (Theorem 1.2 |US04a] : Corollary 1.3 jU505] ). If a knot K C 
S 3 admits an L-space surgery, then the non-zero coefficients of A^-(T) are 
alternating +ls and — Is. 

Ozsvath and Szabo |OS04aj showed that the knot Floer homology HFK(K, i) 
is Z in the top grading i = g(K) for any fibered knot, and Ni |Ni09] and, 
independently, Juhasz |Juh06j showed the reverse; since A K (T) is the graded 
Euler characteristic of HFK(S 3 , K), this means that 

Corollary 8. // a knot K C S 3 admits an L-space surgery, then K is fibered. 



Finally, 

Theorem 9 ( |QS| IOS08] ). // K admits a positive L-space surgery, then 
S 3 j q (K) is an L-space if and only if 

V - > 2g(K) - 1. 
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Calculating d(Y,t) of a knot surgery. If S^ q (K) is an L-space, then 
HF(Sp/ q (K)) and its gradings can be calculated from A#(T) and p/q: 

Theorem 10. IfO<q<p, 

a. Proposition 4-8, lOSOSa^j : for < i < p + q, 

d(si /q (fj) A = - ( w " (2i ^" p " 9)2 ) - H*„W),i) 

where r = p mod q and j = i mod q. 

b. Theorem 1.2, fUS\/ : for \i\ < |, 

oo 

d(S 3 p/q (K),z) - d(S 3 p/q (U),i) = -2j2ja c+j 

i=i 

where c = 



Calculating d(Y, t) of a Seifert fibered space. It is sometimes also 
possible to calculate the d(Y, t) using a negative definite plumbing diagram 

josnaaiOsnab] . 

Any 3-manifold Y is the boundary of some oriented 4-manifold. For 
example, p/l-surgery on a knot in Y is cobordant to Y (attach a 2-handle to 
Y x [0, 1] by gluing its boundary along the image of the knot in Y x {1} with 
framing p.) The same diagram describing Y as integral surgery on a link 
L can describe X by gluing 2-handles along L, which is called a plumbing 
diagram for X. Say L is a set of unknots which link at most once pairwise, so 
we can describe Y by drawing a graph G with a vertex for each component of 
L and an edge if two components are linked. For example, a surgery diagram 
for Y= (—2; |, |, |) might be 



(NB: Y = — (— 1; |, |, |); we have reversed the orientation for this calcula- 
tion.) Label each vertex v with a weight m(v) which is the framing of that 
component. 

Similarly, the same graph describes a 4-manifold cobordism X bounded 
by Y. Each vertex represents the cocore of the corresponding handle, which 
is a generator of H 2 (X,dX;Z), and an edge exists if two such genera- 
tors intersect. The weight of a vertex v gives the self-intersection number 
(PD~ l (v), P-D _1 (f)) of the corresponding generator. In fact, the intersec- 
tion form of X 

Qx : H 2 (X, dX; Z) x H 2 (X, dX; Z) -> Z 
Qx(a,P) = (a,P) = #(an&) 

can be read off from this description, which is the symmetric bilinear form 
assigning to (a, (5) the algebraic intersection number of surfaces representing 
their Poincare duals a and b. Then the characteristic vectors or Char(G) of 
Qx are the a G H 2 (X, dX; Z) such that 

(a,/3) = (/?,/?) V/3 G H 2 (X, dX; Z) mod 2. 

According to |OS03bj . HF + (Y) can be expressed by certain functions on 
the characteristic vectors of the intersection matrix. Let 

V = Z[C/',?7- 1 ]/t/'-Z[?7] 

as a Z[[/]-module with grading so that U~ d is homogeneous and supported 
in degree 2d (where d > 0). Consider the set M + (G) of all homomorphisms 

: Char(G) ->• T + 

which preserve the adjunction relations 

U n (j)(a + PD-^v}) = (j)(a) if n > 

0(a + PZT>]) = f/~ n 0(a) ifn<0 

for a G Char(G), any v G G, and where 2n = (a, PD-\v)) + {PD- 1 {v), PD~\ 
Then M. + (G) splits over Spin c (y) and can be given a grading adapted from 
the one on 7^ + : if 0(a) G is a homogeneous element and a G Char{G) 
so that 0(a) 7^ 0, then 

deg(0) = deg (0(a) C T +) - 
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Let G be a negative definite weighted graph with at most two bad vertices, 
or vertices where deg(f) > |m(f)|. Then 

Theorem 11. 

HF+(-Y(G),t) ^H+(G,t) 
and the grading on M + (G) is the absolute Q-grading on HF + . 

Corollary 12. If Chari(G) is the set of characteristic vectors k = Ci(t), 
d(-Y(G),t)= max ^±M. 

a£Char t (G) 4 

For a given t, the maximum is achieved among the finite set of vectors 
with 

\(a,PD-\v))\ < \m{v)\ 

for all v. By |OS03bj . these vectors are exactly the ones with representatives 
of the form U m a for m > 0. For each of these classes, all the vectors obey 
| (a, PD~ x (v )) | < |m(t>)|, and there are unique vectors a and (3 with 

m{v) < (a, PD _1 (u)) < -m{v) 

m{v) < (/3,PZT») < -m{v) ^ ' 

Any other vector in the class belongs to a [usually not unique] full path from 
a to (3, meaning a sequence of vectors (a = cto, cti, • • • , a n = (5) where 

on = oti-i + 2PD[v i+1 ] and (a*, PD~ l {v i+1 )) = -m(v i+1 ). 

This property is unique to the classes without any U m a for m > 0. Both a 
and P are independent of the particular path chosen, as long as (ati, PD" 1 ^^)) 
—m(v i+ i) at each step, and (ai,at) is constant for each full path. 

Corollary 13. If Char t (G) is the subset of Char t {G) which are part of a 
full path obeying |7p, then 

d(-Y(G),t) = iim a 
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Example 14. For example, we may wish to calculate the correction terms 
for the manifolds Y = (—1; |, |, which are listed in Table [2J 

The trees for these manifolds are easier to manipulate if we reverse ori- 
entation: — Y = — (—2; 2, 2; ^tt)' which is negative definite since n — 1 < n. 
It has plumbing diagram 

• • = • • • • • 



where there are k = n — 1 vertices to the right of the central node and each 
unlabeled vertex has weight -2, i.e., = —2. R 

Equivalently, the 4-manifold bounded by Y has intersection form 



-21110 
1-20 
1 0-20 
1 0-21 
0001-2 








































To evaluate a characteristic vector a, it may be easier to consider the vector 
Qa; we will list the characteristic vectors by drawing the plumbing diagram 
and labeling it with the vector Qa, i.e., the vertex Vi gets the label efQa if 
Ci = PD~ l {vi). The characteristic vectors are: 







0- 


-0 




-0- 

Qa 
— 0- 















0- 


-0 



— 0- 

— 0- 







Qocx 



1 



2 We will usually suppress a vertex's weight if it is -2, and we will number the vertices 
in order starting with the central node (which is v\), then the left arm (1*2) , followed by 
the bottom arm (1)3), and finally the right arm (114, • • • , Wfe+3). 
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Since {a, a) = a 2 = a T Qa = (Qa) T Q 1 (Qa), it is straightforward to calcu- 
late 




2 

-l 



-Jfe-3 



so 



a 2 + k + 3 
4 



n+2 
4 





±1 

2 



y(G), ti) 



o 



n-2 
4 



4 c?(y, t) as a knot surgery obstruction 

We will begin to identify the finite, non-cyclic surgeries by looking at all 
elliptic manifolds (other than lens spaces) of < 10 and all dihedral 

manifolds of < 32. We list all such manifolds which are knot surg- 

eries, and we exhibit at least one knot that produces each surgery and say 
something about which other knots may do so. This latter question is one of 
cosmetic surgery (a non-trivial surgery that does not change the diffeomor- 
phism type of the manifold; i.e., it changes the manifold in appearance but 
not in substance). 

Proof of Theorem^ Since p/g-surgery on a knot in an integral homology 
sphere gives H\{Y) = Z p , assume the surgery coefficient is some rational 
number 1/q. Since S^, q (K) = —S^_ p i q (mK) where mK is the mirror of 
K, and since d(Y,t) = — d{— Y, — t), we will suppress further discussion of 
negative coefficients and assume p/q > 0. 

By Theorem |4j the Poincare homology sphere is 



We ignore lens spaces, so g(K) > 0; also, this manifold is an L-space, so 




Theorem [9] restricts q: 



1 



> 2g(K) - 1 
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Table 2: The correction terms of all possible Y = (—1; |, |, ™) listed by 
p = 4m = jif^Y)! and n mod m. 
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and p/q = 1 with g(K) = 1. 

Theorem [7] demands that the symmetrized Alexander polynomial of K 

be 

A K {T) = T-l + T-\ 

By Theorem |8j we know that K is fibered. Therefore, thanks to the classical 
results found in, for example, Burde and Zieschang [BZ85j , K is the right- or 
left-handed trefoil. By Theorem [4], only 1-surgery on the right-handed trefoil 
(or —1-surgery on the left) is elliptic. □ 

Proof of Theorems \^ [3| The proofs are comparable. We will explicitly demon- 
strate the proof for p — 4. 

As above, assume surgery coefficient is 4/q > with (4, q) = 1. 

By Theorem |4j Y is either a lens space or 

where (n, 4) = 1. 

All of these manifolds are L-spaces, so Theorem [9] restricts q: 

- > 2g(K) - 1 

and either p/q = 4/3 with g(K) = 1 or p/q = 4 with g(K) = 1 or 2. 

Ifp/q , = 4/3, Theorem [7] shows that the symmetrized Alexander polyno- 
mial of K is 

A K (T) =T- 1 + T~\ 

so K is a trefoil. 

On the other hand, if p/q = 4 and g{K) < 2, the Alexander polynomial 
may be any one of 

Ai(T) = T- 1 + T- 1 (2) 
A 2 (T) = T 2 - 1 + T- 2 (3) 
A 3 (T)=T 2 -T + l-T- 1 + T- 2 . (4) 
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To narrow this down further, calculate the corresponding correction terms 
as in Theorem [To! 

ait -\ f pq-(2t + l-p-q) 2 \ 

d(L A ^i) = - I — \ - d(L q>r ,j) 

1 M -d(L lfi ,0)= { i = ±l 
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-1/4 z = 2 



d{Sl{K),i) = d(L 4 ,i,i) - 2^ja j+c 

3=1 



d(L 4A ,i) + 



Ai 


A 2 
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i = 









-2 


-2 


i = ±1 






'1/4 


-1/4 - 


-1/4 


i = 2 



Compare the correction terms calculated in Example 14 These correction 
terms match the 4-surgery correction terms only for Ai(T) when n — 3, but 
Ai(T) is only the Alexander polynomial of the trefoil. Theorems [4] and [5 
tell us that only one of the ±4, ±4/3- surgeries on the trefoil gives an elliptic 
Seifert fibered space: 



-1 



1 1 1 

2' 2' 3 



S 4 3 (T 3 , 2 ) = -S 3 _ A {T, 



3,-2; 



The cases of Z 2 and Z3 are similar. For Z 2 , the surgery coefficient must 
be 2/1 with g(K) = 1 and A K (T) = T- 1 + T" 1 , and so K is the trefoil. For 
Z3, it must be 3/2 with g(K) = 1 and K the trefoil or else 3 with g(K) < 2 
and the Alexander polynomials from Q. As before, the only possible finite 
surgeries are again 2- or 3- surgery on the right-handed trefoil; the others are 
eliminated because the correction terms of the manifold in Table [2] do not 
match those of the possible finite surgeries in Table |3j □ 



18 



A; 



P 



n 



Ai 



Ai 
A 3 



12 
11 

12 



A 3 
A 4 



12 
12 



"TT~ 

M 
if 

16 



12 
J_ 

12 



A 7 
A 4 
A 6 



16 
16 
16 



if 

if 

16 








XT 

I 
20 
21 

20 



16 









I? 

20 
11 

20 



1 

1 
16 



Ai 2 

A 6 
A 9 



20 
20 
20 



1 
9 
11 



XT 

4 
5 

"24 
_ 1 

7 
24 



24 
_ 1 
4 
19 

24 
1 



x 

12 

J_ 
12 



1 
20 
_9_ 

20 



XT 
24 

19 
24 



1 
20 
J_ 

20 



x 

12 

_5_ 
12 



x 

12 

J_ 

12 



k 12 



24 



24 



11 



-13 



12 

5_ 
12 



24 

43 
24 



~25~ 



XT 

28 

19 
'28 

19 

28 

37 
28 



IT 

14 

_9_ 
14 

JL 
14 

_9_ 

14 



x~ 

28 

J_ 

28 

_j_ 

28 

57 
28 



28 

27 
'28 

29 
28 

29 
28 



"X" 
14 



X" 

28 

_9_ 
28 

_9_ 

28 

_9_ 

28 



Aie 
Ai 7 

A 14 

Ai 2 



28 
28 
28 
28 



-5 
9 
13 
-15 



14 
3 



14 
^5 
4 

J_ 

14 

3 

4 
J_ 

14 



14 
_3_ 

f 



1 
14 
31 



14 
1 



14 
_3_ 

'28 
_3_ 
14 

f 



f 
14 
31 
28 
_3_ 

14 
25 



14 
1 



14 
1 



14 

3 



f 
14 



14 
1 



~3X 
'32 



32 
1 



"IT 

32 

4 
49 

32 
_ 1 

4 



"IT 

32 

73 
32 



14 



_9_ 
14 



14 



XT 

32 

41 
32 



A 18,15 
A14 



32 
32 



9 
■15 



32 

4 
II 
32 



32 

4 
25 

32 
1 

4 



32 



_l_ 

32 



i 
'32 

4 
X 
32 



Table 3: Correction terms for a p/g-surgery on a knot with Alexander poly- 
nomial Aj, assuming that it is an L-space surgery; also listed is the n for 
which some (— 1; \ , |, ^) satisfies these correction terms. 



19 



A • 


do 


(1 1 


a 2 


03 


(I \ 


05 


&6 




as 


ag 


aio 


Ai 


-1 


1 




















A 2 


-1 





1 


















A 

A 3 


1 


—1 


1 


















A 4 


-1 


1 


-1 


1 
















A 

A 5 


1 





— 1 


1 
















A 6 


1 


-1 


1 


-1 


1 














A 

A 7 


— 1 


1 


(J 


— 1 


1 














A 

A 8 


1 





u 


— 1 


1 

1 














A 

Ag 


— 1 


1 


—i 


1 


— 1 


1 












A 

^10 


1 

— 1 


i 
l 


U 


n 
U 


1 

— 1 


1 












A n 


1 











-1 


1 












Ai 2 


1 


-1 


1 


-1 


1 


-1 


1 










A13 


1 





-1 


1 





-1 


1 










A14 


-1 


1 


-1 


1 


-1 


1 


-1 


1 








A15 


1 





-1 


1 


-1 


1 


-1 


1 








A 16 


1 


-1 


1 





-1 


1 





-1 


1 






A i7 


1 





-1 


1 


-1 


1 








-1 


1 






1 








-1 





1 











-1 


1 



Table 4: The Alexander polynomials used in Table |3j 



In Table [TJ we stated the results for the elliptic manifolds with ji^Y)! < 
10 and for all other dihedral manifolds (which we find to be more interesting) 
with |fli(y)| < 32. For each choice of p = \Hi(Y)\, Theorem [1] gives a 
description like (—1; |, |, — ) for all possible Y. The correction terms for 
each such manifold are listed in Table [2j On the other hand, assuming Y 
is a knot surgery, Theorem [9] restricts the surgery coefficients that can give 
Y, and Theorems [7] and [8] restrict the Alexander polynomial of the knot (of 



which there are 2 X where x = — |J)- Using Theorem 10, it is possible 
to calculate the correction terms of the resulting surgeries for each knot 
(assuming they are indeed L-spaces), which are shown in Table [3] with the 
corresponding Alexander polynomials listed in Table |4j 
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5 Conjectures 



Torus knot surgeries are suspiciously common among the SFSs we calculated. 
It is tempting to conjecture: 

Conjecture 15. If an elliptic SFS (other than a lens space) is a knot surgery, 
then it is surgery on a torus knot [of form T2^ ni T^^ 1 or T$*,]. 

Although perhaps it is safer to say: 

Conjecture 16. If an elliptic SFS (other than a lens space) is a knot surgery, 
then it is fibered and shares its Alexander polynomial with a T 2;Tl , T 3j4 , or T 3j5 
torus knot. 

Additionally, the correction terms of a plumbing diagram (when the dia- 
gram is the boundary of a negative definite 4-manifold) seem to be dependent 
only on p = \Hi(Y)\.lt appears, however, that the numerators almost never 
match up for q ^ 1. 

Proposition 17. If H\(Y) = 7h p , then 

d{Y- 1) = mod 1 

Proof. This fact is obviously true from the relation d(Y(G),t) = max(k 2 + 
|G|)/4 when G has at most two bad vertices, but it is true in general. (Thanks 
to Zoltan Szabo for explaining the reasoning for the general case.) 

If Hi(Y) = Tip, then Y is obtained from an integral homology sphere Y' 
by p-surgery on a knot (find a simple closed curve K in Y that generates 
Hi(Y) and do 1/p-surgery on it to kill Hi(Y; Q).) Also, Y' is obtained from 
S 3 by a finite series of ±1 surgeries (see, e.g., [S av99j ). 

Consider the cobordism X\ from Y to Y' which is Y union a 2-handle 
framed by 1/p along K and the cobordism X 2 from Y' to S 3 which is S 3 
union some ±l-framed 2-handles. A Spin c structure on Y' extends to a Spin c 
structure on X 2 when the map H 2 X 2 — > H 2 Y' (induced by the boundary 
map in the long exact sequence) is surjective, which it is since H 2 Y' = 0. 
Similarly, a Spin c structure on Y extends to one on X\ since H 2 X\ — > H 2 Y 
is H 2 X 1 = Z ->■ Hi{Y) = Z p which takes the 2-handle to K. 

X = XiUA 2 is a cobordism as well with induced map : CF + (Y,s\y) — > 
CF + (S 3 ,s\s3)- The relative Z-grading on HF + (Y, s\y) therefore lifts to a 
Q-grading consistent with S 3 's grading, as in Equation ??: gr(/j£ s (£)) = 
gr(0 + ( Cl (t) 2 - 2 X {X) - 3<r(X))/4 = Cl (t) 2 /4 mod 1. ' □ 
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These Ci(t) 2 also seem to display a few patterns: there always seem to be 
about m pairs of characteristic vectors whose squares are constant and thus 
give correction terms which are dependent upon n; these seem to come in 
pairs: n + a/Am, n — b/Am for a + b = 4m. Generally, a pair occurs with 
one element in Spin c structure ±i and the other in n/2 ± i. Also, the other 
m pairs seem to be small numbers (independent of n) between and 1. If 
n = mk + p and n' — (m + l)k — p, then n and n' have the same correction 
terms for the same Spin c structures but with opposite signs. 

Conjecture 18. If Y — (— 1; \, \, ™) with n > m and t e Spin c (Y) is 
torsion, then Ci(t) 2 has denominator m (or a divisor ofm). 
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